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Abstract
The neutron-neutron and proton-proton pairing correlations have
long been recognized to be the dominant many-body correlation be-
yond the nuclear mean field since the introduction of pairing mech-
anism by Bohr, Mottelson and Pines nearly 60 year ago. Never-
theless, few conclusion has been reached concerning the existence of
analogous neutron-proton (np) pair correlated state. One can see
a renaissance in np correlation studies in relation to the significant
progress in radioactive ion beam facilities and detection techniques.
The np pairs can couple isospin T = 1 (isovector) or 0 (isoscalar).
In the isovector channel, the angular momentum zero component is
expected to be the most importance one. On the other hand, as one
may infer from the general properties of the np two-body interaction,
in the isoscalar channel, both the np pairs with minimum (J=1) and
maximum (J=2j) spin values can be important. In this contribution,
we will discuss the possible evidence for np pair coupling from differ-
ent perspective and analyze its influence on interesting phenomena
including the Wigner effect and mass correlations in odd-odd nu-
clei. In particular, we will explain the spin-aligned pair coupling
scheme and quartet coupling involving pairs with maximum (J=2j)
spin values.
1. Introduction
It is well known that, along the discovery of the uncharged
particle neutron by Chadwick in 1932 [1], Heisenberg im-
mediately introduced the idea that the nucleus is com-
posed of protons and neutron as well as the concept of
isospin [2]. These mark the beginning of nuclear struc-
ture physics. The isospin has been extensively applied in
explaining many aspects of the nuclei [3], even though it
is not a fundamental symmetry since the masses of the
proton and neutron and the interactions involving the two
are not exactly the same. Another glorious event is the
suggestion of nuclear pairing mechanism by Bohr, Mottel-
son and Pines [4] one year after the introduction of the
Bardeen-Cooper-Schrieffer (BCS) ansatz in superconduc-
tors [5]. The neutron-neutron (nn) and proton-proton (pp)
pairing correlations between identical particles have been
shown to be crucial in explaining a wealth of experimental
data has including odd-even staggering in binding energies
and charge radii, nuclear deformation as well as moments
of inertia [6, 7, 8]. It is natural to expect that the pair-
ing correlation between the neutron and the proton can
be equally important. The neutron and proton can be
coupled to both isoscalar (T = 0) pair, with a symmet-
ric wave function for the radial spin part, and isovector
(T = 1) pair in analogous to the nn and pp pair coupling.
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However, there is no conclusive evidence for either np pair.
There has been a long history and extensive efforts
studying the importance of np correlations from many
different perspectives. Recently, the np has attracted re-
newed interest in relation to the advances in experimen-
tal techniques and availability of radioactive beam facili-
ties. Overviews on np pairing correlations are published
recently in Refs. [9, 10, 11]. Extensive discussions can
also be found in workshops organized recently (see, e.g.,
Ref. [12]). The importance of np correlation in the devel-
opment of collective correlation and nuclear deformation
as well as in the evolution of the shell structure has been
generally accepted. This is related to the fact that the np
two-body interaction contribute significantly to the nu-
clear mean field. The remaining controversy is whether it
is necessary to include the residual np pairing coupling on
top of the nuclear mean field and, if so, how to separate
it from the mean field channel of the two-body interac-
tion. Besides the dynamic effects of the residual correla-
tion, another challenging task to understand the different
predictions of the approximate methods and exact solu-
tions within the shell-model context in treating the np
correlation or the np coupling scheme. In the present con-
tribution we will review briefly a few aspects along that
direction that are not fully covered in Ref. [9]. Then we
will give a more detailed explanation on the works done
at Stockholm during the past two decades.
2. Systematics of nuclear binding energy and the
residual correlations
In a broader context, one may state that nuclear physics is
an emergent phenomenon which is created by the compli-
cated interplay among its constitutes: protons and neu-
trons. The understanding of its emergent behavior pro-
gresses by systematic experimental observations and the
construction of models to interpret them [13], in particular
their local fluctuations. Studies on the nuclear mass and
other ground state properties reveal strikingly systematic
behaviors including the nuclear liquid, shell structure well
as the nuclear deformation. It is thus natural to expect
that the differences of binding energies can be used to iso-
late specific correlations. As mentioned above, the zigzag
behavior of one-body separation energies and the nuclear
binding energy has long been well known. It provides clues
to the pairing correlation between like nucleons. It may
also be possible to extract the residual interactions be-
tween protons and neutrons from the binding energy dif-
ferences.
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2.1. Like-particle pairing and odd-even staggering
The pairing energy or pairing gap implies that the energies
of even-even nuclei are systematically lower than those of
odd-odd and odd-A nuclei. As commented in P. 169 of Ref.
[7], one can extract the empirical pairing gap by comparing
the local average of the masses of odd-A nuclei with the
masses of the corresponding even-even nuclei, where one
assumes that the masses are a smooth function of Z and
N except for the pairing effect.
The four-point formula used to extract the neutron em-
pirical pairing gap from the odd-even staggering (OES) of
the binding energies is defined as [7]
∆(4)(N) =
1
4
[−B(N + 1, Z) + 3B(N,Z)
− 3B(N − 1, Z) +B(N − 2, Z)], (1)
where B is the (positive) binding energy and N and Z are
assumed to be even numbers. The proton pairing gap can
be defined in a similar way. The trend of the extracted
pairing gaps can be well approximated as ∆ ≈ 12/A1/2
MeV. However, as already noted in Ref. [7], above filter
shows large local fluctuations and appears to be correlated
with the shell structure.
The three-point formula is a simpler expression one can
use to extract the empirical pairing gap from the binding
energy [7, 14], which, for systems with even neutrons, has
the form [14]
∆(3)(N) = −1
2
[B(N − 1, Z) +B(N + 1, Z)− 2B(N,Z)]
= −1
2
[Sn(N + 1, Z)− Sn(N,Z)] (2)
where Sn is the one-neutron separation energy. Above for-
mula indicates that ∆(3)(N) measures the additional bind-
ing gain by the last neutron in the even-N system relative
to the odd system with one more neutron. It should be
mentioned that, besides pairing, a number of other mech-
anisms may contribute to the OES [14, 15, 16, 17]. This
includes effects induced by the mean field in deformed
nuclei (or the Kramers degeneracy) and the contribution
from the diagonal interaction matrix elements of the two-
body force. As discussed in detail in Refs. [14, 18], in
even systems where the last neutrons occupy different or-
bitals the single-particle energy contributes substantially
to ∆(3)(N).
The contribution from the quickly varying single-
particle structure of the mean field to the empirical pairing
gap is minimized in odd systems. One can propose another
version of the three-point formula as
∆
(3)
C (N) =
1
2
[Sn(N,Z)− Sn(N − 1, Z)]
=
1
2
[B(N,Z) +B(N − 2, Z)− 2B(N − 1, Z)]
=
1
2
[S2n(N,Z)− 2Sn(N − 1, Z)], (3)
which actually corresponds to ∆(3) for the case of odd
nuclei [14]. The values of ∆(3) extracted from experi-
mental binding energies [19, 20] are plotted in Fig. 1.
One may state that ∆
(3)
C (N) measures the pairing effect
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Fig. 1: Neutron pairing gaps (in MeV) calculated by Eq. (4)
for all even-even nuclei
in the odd nuclei, whereas ∆(3)(N) is impacted by single
particle states. The value of ∆(3)(N − 1) has often been
compared to the theoretical pairing gap calculated for the
even systems [21, 22] and to the OES derived from the-
oretical binding energies [23, 24]. The direct comparison
between the theoretical pairing gap and empirical OES is
convenient from a computational point of view since only
one single calculation is required, which avoids the com-
plicated handling of the blocking effect in the odd nuclei.
The two three-point formulas are often written together
as
∆(3)(N) =
(−1)N+1
2
× [B(N − 1, Z) +B(N + 1, Z)− 2B(N,Z)] (4)
whereN takes both even and odd numbers and (−1)N+1/2
defines the number parity. However, it should be empha-
sized that, as we understand now, the physics behind the
two quantities are very different.
The four-point formula can be rewritten as
∆(4)(N) =
1
2
[∆(3)(N) + ∆
(3)
C (N)]. (5)
That is, it measures the average value of ∆(3) in adjacent
even and odd systems.
There are other formulas available for the pairing gap.
The five-point formula is given by [25, 26, 27]
∆(5)(N) =
1
8
[B(N + 2, Z)− 4B(N + 1, Z)
+ 6B(N,Z)− 4B(N − 1, Z) +B(N − 2, Z)]
=
1
4
[∆
(3)
C (N + 2) + 2∆
(3)(N) + ∆
(3)
C (N)]. (6)
It indicates that the shell effect is still present in ∆(5).
The five-point formula is also used in Refs. [17, 28, 29].
∆(4)(N) and ∆(5)(N) show quite similar results for most
nuclei since ∆
(3)
C (N) varies smoothly [30, 31]. In Refs. [32,
33], the experimental pairing gap is taken as the average
of adjacent ones deduced through the three-point formula
as
∆(3)ave(N) =
1
2
[
∆
(3)
C (N) + ∆
(3)
C (N + 2)
]
, (7)
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Fig. 2: Differences between different gap formulae with respect
to ∆
(3)
C .
which is actually also a five-point formula involving the
same group of nuclei as ∆(5)(N) but with different weights
for each nucleus. Again there is no significant difference
between the results derived from ∆
(3)
ave(N) and ∆
(3)
C (N)
for open-shell nuclei where the pairing gap is a smooth
function of N . Noticeable differences between ∆
(3)
ave(N)
and ∆
(3)
C (N) may be seen where abrupt changes in pairing
correlations are expected to happen, e.g., around shell clo-
sures, which is smoothed out in the former case. A quite
sophisticated version of ∆(3)(N) is used in Ref. [15] by
subtracting the liquid-drop and shell effect contributions
to the binding energy. The results are similar to those of
∆
(3)
C (N). In particular, they show a quite similar isospin
dependence.
∆
(3)
C (N) show a much weaker A dependence than other
formulae. Actually it can be reasonably fitted as a con-
stant value. This agrees with the suggestion in Ref. [16]
that the pairing gap may not show any A dependence. In
[7] it is commented that the pairing energy derived from
Eq. (2) is systematically too small. However, this is def-
initely not the case for ∆(3)(N) which are systematically
larger than all the other three cases. ∆
(3)
C (N) show the
smallest values due to the reason that they largely re-
move the contribution from the mean field. In fact, the
differences between ∆(3)(N) and ∆
(3)
C (N) largely reflects
the gap between the corresponding neighboring orbitals
[14]. Another essential difference between ∆
(3)
C (N) and all
other mentioned OES formulas is that ∆
(3)
C (N) diminish
for closed-shell nuclei, which is in agreement with our com-
mon expectation that the pairing effect diminish at shell
closure due to the reduced level density.
∆
(3)
C (N) is smaller than ∆
(3)(N), ∆(4)(N) as well as
∆(5)(N) in most cases. The differences between the vari-
ous gap formulae and the 3-point formula ∆
(3)
C are plotted
in Fig. 2. The dispersal of the data belowN < 30 is appar-
ent. This can be an indication of the significant mean-field
contribution to the three formulae in this region, which is
expected to show a A−1 dependence [16].
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Fig. 3: Contributions to ∆
(3)
C from the liquid drop model
(LQM) and Duflo-Zuker (DZ) shell-model mass formulas.
In the desired case, if the even nucleus of concern and
the intermediate odd nucleus show the same mean field
property, ∆
(3)
C is not expected to contain any contribution
from the mean field [14]. However, as pointed out by Bohr
and Mottelson in P. 171 of Ref. [7], the average binding
energy contains significant terms that are not linear in N .
As a result, from a macroscopic point of view, there may
be a residual contribution to ∆
(3)
C from the symmetry en-
ergy (expected to be negative) and other non-linear terms.
To illustrate this point, in Fig. 3 we evaluated the ∆
(3)
C
values from the liquid drop model (LQM) with no shell or
pairing energy corrections and the Duflo-Zuker (DZ) shell
model mass formula [34] by removing the pairing term.
The parameters of the LQM and DZ models are taken
from Ref. [35] and [36], respectively. Calculations with
the DZ model show more local fluctuations than those of
the LQM, which has not been understood yet. But both
cases show a vanishing behavior as A increases. For heavy
nuclei, this residual contribution is around -60 keV. This
amount is acceptable by taking into account the fact the
in practice the OES is a result of the delicate interplay
between the mean field and the pairing correlation. It is
hoped that, by using ∆(5), the smooth non-linear terms in
the binding energy can be canceled up to the fourth order.
However, as mentioned in Ref. [15], the odd-even effects
may be diminished as a result of the averaging over nuclei
further apart.
∆
(3)
C (N) contains fruitful information on the pairing ef-
fects. It is the best to remove the contribution from the
varying part of the nuclear mean field as well as contri-
butions from other shell structure details and can serve
as a good measure of the pairing effect in in even-N sys-
tems. Moreover, by using ∆
(3)
C (N) one can make it more
convenient to extract the neutron-proton interaction from
binding energy differences [37].
The possible isospin dependence of the empirical odd-
even staggering was discussed in Ref. [38].
Within the shell model context, one has to separate the
contribution from the monopole channel of the two-body
interaction when studying the residual two-body correla-
tions. For simple systems within a single-j shell with a
monopole pairing coupling G, the total energy of a system
3
with n particles can be written as [3, 37]
E = εn+
2a−G
4
n(n− 1) (8)
+
b− 2G
2
[
T (T + 1)− 3n
4
]
+(j + 1)G(n− v) +G
[
v2
4
− v + s(s+ 1)
]
,
where ε is the single-particle energy, a and b defines the
monopole interactions for the orbital j, v is the senior-
ity quantum number, T is the total spin, s the reduced
isospin. The monopole interaction is defined as the an-
gular momentum weighted average of all two-body inter-
action matrix elements. They are independent of angular
momentum and their contribution to the energy (or diag-
onal matrix element of the Hamiltonian matrix) are only
related simply to the particle number and total isospin.
The reduced isospin is related to the isospin of the states
with seniority v in the jv configuration, from which one
can realize that we always have t ≤ v/2. For systems
with the maximum isospin (T = n/2 as in above case),
the reduced isospin of any seniority v state is t = v/2.
The (ground) state with v = 0 is uniquely defined with re-
duced isospin t = 0 for any jn configuration. In addition,
the v = 1 state is a state with J = j and t = 1/2. From
above equation it can be seen that it is the term (j+1)Gv
that may result in an odd-even staggering in nuclear bind-
ing energies. This suggested that the residual pairing term
in macroscopic mass formulas may be written as
Ep ∝ 2− v, (9)
where v = 1 for odd-A nuclei and v = 2 for the T =
|N − Z|/2 ground state of odd-odd nuclei. There should
be no additional gain in pairing energy when crossing the
N = Z line.
2.2. The empirical neutron-proton interaction
The (phenomenological) average interaction between the
last protons and the last neutrons in even-even nuclei can
be extracted from the double difference of binding energies
as [39]
Vee(Z,N) =
1
4
[B(Z,N) +B(Z − 2, N − 2)
− B(Z − 2, N)−B(Z,N − 2)] , (10)
whereB(Z,N) is the (positive) binding energy of a nucleus
with Z protons and N neutrons. The factor 1/4 takes into
account the fact that four additional pairs are formed by
the last two protons and neutrons. Vpn extracted from
experimental nuclear binding energies [20] evolve rather
smoothly as a function of mass number A. In fact, this
average behavior of Vpn also probes the symmetry energy
term (i.e., the isospin-dependence of the binding energy) in
the macroscopic mass formula. The overall trend of Vpn
can be well approximated by a smooth relation of (a +
asA
−1/3)/A [37, 40]. Above formula has been extensively
analyzed in Refs. [41, 42, 43, 44, 45, 46, 47].
The average np interaction in odd-A and odd-odd nuclei
Fig. 4: (Color online) Illustration of the np interaction in even-
even (a), odd-A (b) and odd-odd (c) nuclei as extracted from
Eqs. (10-13) as well as those from Eq. (14) for even-even
nuclei, which corresponds to a hole-hole-like np interaction.
can be extracted in a similar way as
Veo(Z,N − 1) = 1
2
[B(Z,N − 1) +B(Z − 2, N − 2)
−B(Z − 2, N − 1)−B(Z,N − 2)], (11)
Voe(Z − 1, N) = 1
2
[B(Z − 1, N) +B(Z − 2, N − 2)
−B(Z − 2, N)−B(Z − 1, N − 2)], (12)
which involve two np pairs and
Voo(Z − 1, N − 1) =
B(Z − 1, N − 1) +B(Z − 2, N − 2)
−B(Z − 1, N − 2)−B(Z − 2, N − 1), (13)
involving one np pair. We have assumed that N and Z
only take even numbers in above equations.
In addition to the family of mass relations shown above,
there is another way to extract the average np interaction
as
V1n−1p(Z,N) = B(Z,N) +B(Z − 1, N − 1)
−B(Z,N − 1)−B(Z − 1, N), (14)
which is irrespective to the oddness of the proton and neu-
tron numbers. This was proposed in Ref. [48] and applied
recently in Refs. [49, 50, 51, 52]. This equation is iden-
tical to Eq. (13) studied above for the cases of odd-odd
nuclei, but involves, in the other cases, the breaking of the
proton and/or neutron pairs for which one intentionally
avoid in the construction of the first family of average np
interaction. By comparing Eqs. (13) and (14) one inter-
esting thing we notice is that one can re-interpret V1n−1p
for even-even nuclei as a measure of the np interaction
between the two neutron and proton holes relative to the
even-even ’core’ nucleus. This is illustrated in the lower-
right panel of Fig. 4. Indeed, the values for V1n−1p for
even-even nuclei follow roughly the same trend as those
for the odd-odd nuclei with one less np pair. The latter
case coincide with Eq. (13). This is also related to the
fact that, as mentioned in Ref. [49], the average np in-
teractions for even-even and odd-odd nuclei as extracted
from the binding energies predicted by the Garvey-Kelson
mass relations [53] satisfy
V1n−1p(Z,N)− V1n−1p(Z + 1, N + 1) ∼= 0. (15)
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One more thing that one should notice is that both above
values are larger than Vee for the neighboring even-even
nuclei. The reason will be analyzed in the next section.
Stoitsov et al. showed that the global properties of Vpn
can be reproduced by Hartree-Fock-Bogoliubov (HFB)
calculations with the Skyrme functional plus a density-
dependent δ pairing interaction [40]. A detailed calcula-
tion was also done in Ref. [54] where the effects of the de-
formation and collective fluctuation on Vpn were analyzed.
It is still quite interesting to explore the local fluctuations
of Vpn around the average values which large-scale HFB
calculations fail to explain [40], which may carry further
nuclear structure information and serve as a constraint in
future developments of nuclear structure models.
It is understood that Vpn also measures the extra bind-
ing gained by the neutron (proton) pair when two ad-
ditional protons (neutrons) are added. The two-nucleon
separation energies in even-even nuclei can be written as
S2n(Z,N) = 2Sn(Z,N − 1) + 2∆(3)C (Z,N). (16)
Eq. (10) can be rewritten as
Vee(Z,N) =
1
2
[Sn(Z,N − 1)− Sn(Z − 2, N − 1)]
+
1
2
[
∆
(3)
C (Z,N)−∆(3)C (Z − 2, N)
]
.(17)
The quantities δSn(Z,N − 1) = Sn(Z,N − 1) − Sn(Z −
2, N − 1) and δn(Z,N) = ∆(3)C (Z,N) − ∆(3)C (Z,N − 2)
measure the isospin dependences of the one-body separa-
tion energy (the mean-field) and pairing interaction, re-
spectively. One can easily see that δSn(Z,N − 1) (and
δSp(Z−1, N)) also reveals the average proton-neutron in-
teraction between the last proton pair and odd neutron
as
Veo(Z,N − 1) = 1
2
δSn(Z,N − 1). (18)
Contributions from the two basic ingredients δS and δ
on the empirical proton-neutron interaction Vpn can be
extracted from experimental nuclear masses. It is seen
that Vpn is dominated by the contribution from δS. The δn
and δp values are comparatively small, mostly within |δ| ≤
100 keV. This indicates that the empirical proton-neutron
interaction can to a large extent be understood as a mean-
field or symmetry energy effect. It is also consistent with
the observation of Ref. [40] that HFB calculations on Vpn
are insensitive to the different choices of pairing forces.
Empirical studies of the nuclear masses suggest that
the average np interactions for even-even and neighbor-
ing odd-A nuclei thus extracted from experimental data
are roughly the same and show a rather smooth behavior
as a function of A in most cases [37]. If the local fluctu-
ations in the pairing interactions are negligible, it should
be
Vpn(Z,N) ≈ Vpn(Z,N − 1) ≈ Vpn(Z − 1, N), (19)
whereas those for the odd-odd nuclei are systematically
larger than the former ones.
For a I = j, T = 1/2 system with three particles in
a single-j shell, we have v = 1 and s = 1/2. The Vpn
for such a nucleus can be expressed in the same form as
above. The empirical relation of Eq. (19) still holds for
these self-conjugate nuclei. In reality we have
Vpn(Z,Z) ≈ Vpn(Z,Z − 1) ≈ Vpn(Z − 1, Z), (20)
where Z takes even values.
The empirical interactions between the odd proton and
odd neutron in odd-odd nuclei can be extracted from bind-
ing energies in a way similar to those of even-even and
odd-A systems. The ground state of odd-odd N = Z nu-
clei may carry isospin quantum numbers T = 0 or 1. For
the lowest T = 0 state one may extract the proton-neutron
interaction as
Vpn(Z − 1, Z − 1)
= B(Z − 1, Z − 1) +B(Z − 2, Z − 2)
−B(Z − 1, Z − 2)−B(Z − 2, Z − 1)
=
3b
4
− a. (21)
It indicates that the Vpn in odd-odd N = Z nuclei are
three times as large as the average values in N 6= Z nuclei
while those in even-even N = Z nuclei and the adjacent
odd-A nuclei with one less nucleon are roughly twice as
large as those in neighboring N 6= Z nuclei. In reality
b should be positive. In medium mass and heavy nuclei,
it should also be much larger than the pairing strength
G. In the spin-isospin SU(4) symmetry limit, the Vpn of
N = Z nuclei are four times larger than those for N 6= Z
[55]. There was also no difference between Vpn in even-
even and odd-odd N = Z nuclei.
2.3. Residual neutron-proton interaction in odd-
odd nuclei
On P. 171 of Ref. [7], Bohr and Mottelson pointed out
that there is a systematic tendency for an extra binding
of the odd-odd nuclei. It may be a result from the resid-
ual interaction between the last unpaired neutron and the
unpaired proton in those nuclei. The average np interac-
tion Voo in Eq. (13) were often compared with the T = 1
proton-proton and neutron-neutron pairing interactions.
In reality, Voo is a mixture of the mean field effect and
the re-coupling effect due to the residual np interaction
between the two unpaired particles. The mean field effect
has to be properly filtered out if one aims at studying the
residual np coupling. This is important for our eventual
clarification of the role played by np pairing correlation in
nuclei.
From a phenomenological point of view, it is under-
stood that Vee, Veo and Voe are dominated by contribu-
tions from the nuclear symmetry energy which is induced
by the monopole np interaction. The non-vanishing val-
ues for δnp as extracted from experimental data can be a
measure of the residual/additional np re-coupling energy,
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Fig. 5: (Color online) The residual np interactions defined in
Eq. (22) for all known nuclei as extracted from experimental
data.
which can be rewritten as
δnp = ∆
(3)
n (Z,N)−∆(3)n (Z − 1, N)
=
1
2
[B(Z,N) +B(Z,N − 2)
−B(Z − 1, N)−B(Z − 1, N − 2)
− 2B(Z,N − 1) + 2B(Z − 1, N − 1)]
= Voo − [2Veo + Voe − 2Vee]
=
1
2
[V1n−1p(Z,N)− V1n−1p(Z,N − 1)]. (22)
That is, it corresponds to the difference between Voo and
an weighted average of those for odd-A and even-even nu-
clei or half the difference between V1n−1p for even-even
nuclei and odd-A nuclei. A very similar result can be ob-
tained by taking the difference between the pairing gaps of
the even-even and corresponding even-Z-odd-N nucleus.
There are also different ways to extract the residual np
interaction [25, 26, 56, 57, 58].
The residual np interaction as extracted from experi-
mental binding energies [19] by using above three formulas
are plotted in Fig. 5. It is seen that, as expected, the ex-
tracted δnp values are positive for almost all known nuclei.
The values of all above three formulas show a weak depen-
dence on the mass number A with large fluctuations. The
mean δnp values are around 300 keV in all cases. The val-
ues for available superheavy nuclei reduces to below 200
keV.
The positive contribution from the residual np interac-
tion to the total binding energy is the origin of the odd-
even staggering in V1n−1p that was studied in Ref. [49].
The additional binding in odd-odd nuclei is due to the
residual interaction between the odd proton and neutron.
That enhancement can be extracted from binding energy
differences and is beyond the mean-field treatment. The
challenge, however, is how to differentiate between a cor-
related np pair (in the BCS sense) and those uncorrelated
ones.
2.4. The Wigner energy
Wigner noticed that there are large changes in binding
energy in nuclei with approximately the same numbers of
neutrons and protons [59]. This has often been referred to
as the Wigner effect.
The residual np interaction Vee(Z,N) discussed above
have been applied in the study of the Wigner energy. In
Ref. [55], van Isacker, Warner, and Brenner showed that
the large double binding energy differences for even-even
N = Z nuclei can be a consequence of Wigner’s SU(4)
symmetry. Ref. [60] studied the separated contributions
of neutron-proton pairs of a given angular momentum and
isospin to the Wigner energy. It is also suggested that the
Wigner term can be traced back to the isospin T = 0 part
of nuclear interaction. It cannot be solely explained in
terms of correlations between the neutron-proton J = 1,
T = 0 pairs.
In Ref. [61] it is argued that the discrepancies between
empirical shell gaps determined from binding energy dif-
ferences and the gaps calculated with mean-field models
can be resolved by taking into account the Wigner energy
in the even-even N = Z nuclei and the corresponding nu-
clei with one less nucleon as induced by the diagonal cor-
relation energy due to nn, pp, and np pairing interactions.
The large difference between observation and mean-field
calculation was already noticed by Bohr and Mottelson
(see, Fig. 3-5 and P. 328 of Ref. [7]). It was pointed
out that the calculated spectra reproduce approximately
the observed positions of the single-particle levels above
the Fermi surface, but underestimate the binding of deep-
lying hole states. The increased binding of these states
may be interpreted in terms of a velocity dependence of
the mean field [7].
There are still extensive efforts trying to determine the
Wigner energy in a precise way. One thing has to be
considered is the effect of the symmetry energy on the
extraction of the Wigner effect. The extracted Wigner
energy can be very different if one takes the symmetry
energy of the from T (T+1) instead of the normal (N−Z)2.
3. Seniority and np coupling schemes
The low-lying yrast states in 9246Pd were recently reported
[62]. This is the heaviest N = Z nucleus with measured
spectrum so far. It was suggested that in this nucleus, as
well as in neighboring nuclei like 96Cd, the properties of
the low-lying states can be classified by a spin-aligned np
pair coupling scheme [62, 63]. That is, the ground state
wave functions do not consist mainly of pairs of neutrons
(νν) and protons (pipi) coupled to zero angular momenta,
but rather of isoscalar np pairs (νpi) coupled to the max-
imum angular momentum J , which in the shell 0g9/2 is
J = 9 [62, 63]. A detailed shell-model analysis of the spin-
aligned np pair coupling was performed in Refs. [63, 64]
based on coefficients of fractional parentage and multistep
shell model calculations.
In Fig. 6 we plotted the experimental spectra of three
even-A neutron-deficient Pd isotopes. As one would ex-
pect, in 96Pd with four proton holes with respect to 100Sn,
the positions of the energy levels correspond to a (g9/2)
2
λ
isovector pairing (or seniority) spectrum. In particular,
the yrast 8+ state, which has the largest spin among the
v = 2 states, shows a typical pattern for isomeric states
as induced by the seniority coupling. When the number
of neutron holes increases, approaching N = Z, the levels
tend to be equally separated. The lowest excited states in
92Pd exhibit a particularly regular pattern. The regular
pattern was first noticed by J. Blomqvist. He explained
that in terms of aligned np pairs in a scheme that is sim-
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Fig. 6: The observed positive parity yrast states of 92,94,96Pd
and shell-model calculations from Ref. [63].
ilar to the stretched scheme as described in Ref. [65]. He
also expected that systems with such couplings should be
deformed.
In the following we will briefly describe the formalism
used in above papers [63, 64] and in Refs. [66, 67, 68, 69].
We will construct the basis in the neutron-proton represen-
tation. We will show that it is a quite natural extension
of the seniority coupling within the shell-model context.
There are quite many recent publications following the
same direction or re-interpret the results in slight differ-
ent ways (see, Refs. [70, 71, 72, 73, 74, 75] and references
contained therein). A detailed investigation on the ap-
plications of the nucleon-pair approximation of the shell
model on this subject is presented in Ref. [76]. In any
case the isospin symmetry is exactly conserved, as it is
included in the interaction matrix elements that we use
[63].
3.1. The seniority coupling
Many features in nuclear structure physics can be under-
stood in term of the seniority coupling scheme. It showed
to be extremely useful for the classification of nuclear
states in the jj-scheme [3], particularly in semi-magic nu-
clei with only one type of nucleons. The driving force
behind the dominance of seniority coupling is the strong
pairing interaction between like particles. The study of
the seniority coupling in single-j systems is still an very
active field [77, 78, 79, 80, 81], in particular in relation to
the possible existence of partial dynamic symmetry.
The seniority coupling scheme can be generalized to
systems within many shells. The diagonalization of the
Hamiltonian matrix within the seniority v = 0 model
space provides a way to solve the pairing Hamiltonian in
an exact way [30, 82, 83, 84, 85]. It is known that there
is one nontrivial solution from the BCS ansatz which is
interpreted as the nuclear ground state. Within the exact
pairing scheme, there are as many eigenstates as the num-
ber of seniority v = 0 states as defined within the model
space. The state with the lowest energy is usually linked
to the nuclear ground state. But it can still be interest-
ing to understand the fundamental differences between the
lowest-lying states and the excited states.
3.2. Number of pairs
An interesting quantity is the so-called number of pairs or
number of interaction links which can give a simple idea on
the relative importance of different two-body interactions
and pairs on the total energy as well as on the nuclear wave
function. For nucleons in a single-j shell, the correlation
energy can be written as [86]
EI = C
I
JVJ , (23)
where I is the total angular momentum, VJ =
〈j2; J |Vˆ |j2; J〉 are two-body matrix elements and CIJ is
the number of pairs with angular momentum J . If isospin
symmetry is conserved in the two-body interaction Vˆ , then
one has a total number of 2j+1 matrix elements with an-
gular momenta J = 0 to 2j. The total number of nucleon
pairs is given by [86, 87],∑
J
CIJ = n(n− 1)/2, (24)
and ∑
J,odd
CIJ =
1
2
[n
2
(n
2
+ 1
)
− T (T + 1)
]
, (25)
where n is the total number of nucleons and T is the total
isospin quantum number.
For a fully-filled single-j shell, one has E0 =
∑
J(2J +
1)VJ . This is simply related to the contribution from the
monopole interaction and there is no correlation. The
monopole interaction is defined as the weighted average
of the two-body interaction matrix elements as
Vjj′ =
∑
J (2J + 1)V
J
jj′jj′∑
J(2J + 1)(1− δjj′ (−1)J)
=
∑
J(2J + 1)V
J
jj′jj′
(2j + 1)
1 + δjj′
2j′ + 1− δjj′ . (26)
Their contribution to the total energy corresponds to
Em =
∑
jj′
Vjj′
〈
nj(nj′ − δjj′ )
1 + δjj′
〉
, (27)
where n denotes the number of particles instead of pairs. If
only the pairing interaction is considered for the particle-
particle channel, we have V J=0jjjj = −ΩjGjj and Vjj =
−Gjj/2j.
3.3. Simple systems with two np pairs
The neutron-proton (np) correlation breaks the seniority
symmetry in a major way. Correspondingly, the wave
function is a mixture of many components with differ-
ent seniority quantum numbers. It is not clear yet how
this kind of states can be classified in the jj-scheme.
The stretch scheme, which corresponds to the maximally
aligned intrinsic angular momentum, was proposed in the
1960s to describe the rotational-like spectra of open-shell
nuclei [65]. The np quasi-spin formalism was applied in
Refs. [3]. For a system with two np pairs in a single-j
shell, it is natural and very convenient to decompose the
system into proton and neutron blocks. The wave func-
tion of a given state with total angular momentum I can
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be written as [86],
|ΨI〉 =
∑
Jp,Jn
XI(JpJn)|j2pi(Jp)j2ν(Jn); I〉, (28)
where XI(JpJn) is the amplitude of the four-body wave
function and Jp and Jn are even numbers denoting the
angular momenta of the proton and neutron pairs, respec-
tively. For example, in the hole-hole channel, the ground
state wave function of 96Cd is calculated to be [63],
|Ψ0(gs)〉 = 0.76|[pi2(0)ν2(0)]I〉+ 0.57|[pi2(2)ν2(2)]I〉
+ 0.24|[pi2(4)ν2(4)]I〉+ 0.13|[pi2(6)ν2(6)]I〉
+ 0.14|[pi2(8)ν2(8)]I〉. (29)
The four nucleons can couple to spin I = 0 to 2(2j− 1)
and isospin T = 0, 1 and 2. The single-j Hamiltonian can
be written as,
〈j2pi(Jp)j2ν (Jn); I|Vˆ |j2pi(J ′p)j2ν (J ′n); I〉
= (VJp + VJn)δJpJ′pδJnJ′n +
∑
J
M IJ (JpJn; J
′
pJ
′
n)VJ , (30)
where the spin J can take both even and odd values (J = 0
to 2j). The symmetric matrix M is given as
M IJ(JpJn; J
′
pJ
′
n) =
∑
λ
4JˆpJˆnJˆ
′
pJˆ
′
nJˆ
2λˆ2
{
Jp Jn I
λ j j
}
×
{
J ′p J
′
n I
λ j j
}{
j j J
λ j Jn
}{
j j J
λ j J ′n
}
, (31)
where Jˆ =
√
2J + 1 and λ and j are half integers. The
number of nucleon pairs in the n = 4 system can be cal-
culated as,
CIJ = |XI(JpJn)|2(δJpJ + δJnJ)
+
∑
JpJn;J′pJ
′
n
XI(JpJn)M
I
J(JpJn; J
′
pJ
′
n)XI(J
′
pJ
′
n), (32)
where the first and second terms in the right-hand side
give the numbers of identical nucleon pairs and proton-
neutron pairs, respectively.
The 12+ state in 52Fe and Ipi = 16+ in the four-hole
system of 96Cd below the double magic 100Sn have long
been expected to be a spin-trap isomers. The latter case
was measured recently [88]. That means their energies
are lower than those of the corresponding 10+1 and 14
+
1
states. In 0f7/2 shell, the correlation energy of the four-
hole system 12+ is,
E12(
52Fe) =
6
13
V¯5 + 3V¯6 +
33
13
V¯7, (33)
where V¯ denotes two-hole matrix elements. The position
of the 12+ state relative to the corresponding 10+1 states
is sensitive to the strength of interaction V¯7. The number
of nucleon pairs for the 2 np system 16+ in the j = 9/2
shell is,
E16(
96Cd) =
8
17
V¯7 + 3V¯8 +
43
17
V¯9. (34)
Again, the position of the 16+ state relative to the first 14+
state is sensitive to the strength of the aligned interaction
matrix element V¯9.
3.4. Spin-aligned np pair coupling
To illustrate the idea of the spin-aligned pair mode we will
start with the simple example of a 2n-2p system within a
single j shell. One may re-express the wave function in
Eq. (28) in an equivalent representation in terms of np
pairs. This can be done analytically with the help of the
overlap matrix as
〈[νpi(J1)νpi(J2)]I |[pi2(Jp)ν2(Jn)]I〉
=
−2√
NJ1J2
Jˆ1Jˆ2JˆpJˆn


j j Jp
j j Jn
J1 J2 I

 , (35)
where N denotes the normalization factor. The overlap
matrix automatically takes into account the Pauli princi-
ple. With interactions taken from experimental data and
Ref. [89], we examined a few shells with a high degen-
eracy, i.e., 0f7/2, 0g9/2 and 0h11/2, values in the range
X2Jp=Jn=0 = 0.51−0.62 for the ground states of these even-
even nuclei. This means that the normal isovector pairing
coupling scheme (ν2)0⊗(pi2)0 accounts for only about half
of the ground state wave functions. Instead, we found that
for these wave functions it is X2J1=J2=2j = 0.92−0.95, i.e.,
they virtually can be represented by the spin-aligned np
coupling scheme. An even more striking feature is that the
low-lying yrast states are calculated to be approximately
equally spaced and their spin-aligned np structure is the
same for all of them. Moreover, the quadrupole transi-
tions between these states show a strong selectivity, since
the decay to other structures beyond the np pair coupling
scheme is unfavored. It should be emphasized that only
states with even angular momenta can be generated from
the spin-aligned np coupling for systems with two pairs.
The maximum spin one can get is 2(2j − 1). For a given
even spin I, only one state can be uniquely specified from
the coupling of two aligned np pairs. The other states
(and also states with odd spins or total isospin T > 0)
involve the breaking of the aligned pairs.
Shell-model calculations for the nuclei 96,98Cd are plot-
ted in Fig. 7. In the former case, the yrast states are
all found to be dominated by the spin-aligned np coupling
except the 8+1 state. In that case the normal seniority
coupling is favored in relation to the low energy of the
isovector 8+ pair in 98Cd. On the other hand, it is the
second T = 0 8+ state in 96Cd that favors the spin-aligned
np coupling. The overlap between the full wave function
and the spin-aligned np pair wave funciton is given in Fig.
8.
3.5. The over-complete basis
Calculations in Ref. [63] were done within the standard
shell-model framework with the help of two-body coef-
ficients of fractional parentage. In the following we go
through the formalism as used in Ref. [64] within the so-
called Multistep shell model approach (MSM), where the
nn, pp and np pairs are considered on the same footing.
We will use the Greek letter γn to label the n-particle np
states. The np states will be |γ2〉 = P+(γ2)|0〉 where the
np creation operator is P+(γ2) =
∑
i,pX(ip; γ2)c
+
i c
+
p and
c+i (c
+
p ) is the neutron (proton) single-particle creation op-
erator. In the same fashion the two-proton (two-neutron)
8
01
2
3
4
5
6
Ex
 (M
eV
)
98Cd,Exp. 98Cd,Theo. 96Cd,Theo.
0+
2+
4+
6+
8+
0+
2+
4+
6+
8+
10+
12+
14+
0+
2+
6+
4+
8+
16+
Fig. 7: Shell-model calculations for 96,98Cd in comparion with
available experimental data.
Fig. 8: Shell-model calculations for overlap between the full
wave function and the spin-aligned np pair wave function for
the first three states for each spin.
creation operator will be denoted as P+(α2) (P
+(β2)).
The four-particle state, |γ4〉 = P+(γ4)|0〉, is
P+(γ4) =
∑
α2,β2
X(α2β2; γ4)P
+(α2)P
+(β2)+
∑
γ2≤γ′2
X(γ2γ
′
2; γ4)P
+(γ2)P
+(γ′2), (36)
where all possible like-particle and np pairs are taken
into account. In the two-pair case the basis elements
(νν)⊗ (pipi) and (νpi)⊗ (νpi) may be proportional to each
other. The over-counting thus occurring is a result of de-
scribing the np and like-particle excitations at the same
time. Since the number of MSM basis vectors is larger
than the dimension of the shell model space, the wave
function amplitudes X are not well defined in our case
and, therefore, they are not meaningful physically. The
meaningful quantities are the projections of the basis vec-
tors upon the physical vector, which we denote as [90]
F (α2β2; γ4) = 〈γ4|P+(α2)P+(β2)|0〉,
F (γ2γ
′
2; γ4) = 〈γ4|P+(γ2)P+(γ′2)|0〉. (37)
The orthonormality condition now reads
δγ4γ′4 =
∑
α2,β2
X(α2β2; γ4)F (α2β2; γ
′
4)
+
∑
γ2≤γ′2
X(γ2γ
′
2; γ4)F (γ2γ
′
2; γ4). (38)
The norm of the MSM basis |γ2γ′2〉 = P+(γ2)P+(γ′2)|0〉,
i.e., N(γ2γ
′
2; γ4) =
√
〈γ2γ′2|γ2γ′2〉, may not be unity.
Therefore the interesting quantity is not the projection
F but rather the cosine of the angle between the basis
vector and the physical vector, i.e., cos(φ) = x and
x(γ2γ
′
2; γ4) = F (γ2γ
′
2; γ4)/N(γ2γ
′
2; γ4). (39)
If we would have taken as basis elements the complete set
of orthonormal states {P+(α2)P+(β2)|0〉} (which is the
standard shell model basis as used in Ref. [63]) then the
second term in Eq. (38) would not have appeared and
one would have obtained X(α2β2; γ4) = x
∗(α2β2; γ4), as
expected in an orthonormal basis. One thus sees that the
advantage of the MSM basis is that one can extract the
physical structure of the calculated states just by examin-
ing the quantity x.
The dynamic matrix of the two-neutron two-proton sys-
tem is given as
(W (γ4)−W (γ2)−W (γ′2))〈γ4|(P †(γ2)P †(γ′2))γ4 |0〉 =∑
γ′′
2
6γ′′′
2
{ ∑
p1p2n1n2
(−1)W (γ
′′
2 ) +W (γ
′′′
2 )− εp1 − εp2 − εn1 − εn2
1 + δγ′′
2
γ′′′
2
× (A1 + A2)
}
〈γ4|(P †(γ′′2 )P †(γ′′′2 ))γ4 |0〉
+
∑
α2β2
{ ∑
p1p2n1n2
(
W (α2)+W (β2)−εp1−εp2−εn1−εn2
)
×B
}
〈γ4|(P †(α2)P †(β2))γ4 |0〉, (40)
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and
(W (γ4)−W (α2)−W (β2))〈γ4|(P †(α2)P †(β2))γ4 |0〉 =∑
γ′′
2
6γ′′′
2
{ ∑
p1p2n1n2
W (γ′′2 ) +W (γ
′′′
2 )− εp1 − εp2 − εn1 − εn2
1 + δγ′′
2
γ′′′
2
C
}
× 〈γ4|(P †(γ′′2 )P †(γ′′′2 ))γ4 |0〉, (41)
where W denotes the corresponding n-particle energy. To
obtain above equation we have assumed that the four-
particle system was decomposed into two different blocks
in terms of (pipi)⊗ (νν) and (νpi) ⊗ (νpi).
The A, B and C matrix elements are defined as,
A1 = (−1)2p1+n1+n2+γ
′
2
+γ′′′
2 γˆ2γˆ
′
2γˆ
′′
2 γˆ
′′′
2
×X(p1n1; γ2)X(p2n2; γ′2)X(p1n2; γ′′2 )X(p2n1; γ′′′2 )
×


p1 n1 γ2
n2 p2 γ
′
2
γ′′2 γ
′′′
2 γ4

 , (42)
A2 = (−1)2p1+n1+n2+γ
′
2
+γ′′′
2
+γ4 γˆ2γˆ
′
2γˆ
′′
2 γˆ
′′′
2
×X(p1n1; γ2)X(p2n2; γ′2)X(p2n1; γ′′2 )X(p1n2; γ′′′2 )
×


p1 n1 γ2
n2 p2 γ
′
2
γ′′′2 γ
′′
2 γ4

 , (43)
B = γˆ2γˆ
′
2αˆ2βˆ2X(p1n1; γ2)X(p2n2; γ
′
2)Y (p1p2;α2)
× Y (n1n2;β2)


p1 n1 γ2
p2 n2 γ
′
2
α2 β2 γ4

 , (44)
and
C = αˆ2βˆ2γˆ
′′
2 γˆ
′′′
2 Y (p1p2;α2)Y (n1n2;β2)
×X(p1n1; γ′′2 )X(p2n2; γ′′′2 )


p1 p2 α2
n1 n2 β2
γ′′2 γ
′′′
2 γ4

 . (45)
In all cases we use the same symbols to label states as well
as the corresponding angular momenta. The coefficient Y
is related to X by Y (ij;α2) = (1 + δij)
1/2X(ij;α2).
The overlap matrix is defined as follows,
〈0|(P †(γ2)P †(γ′2))†γ4(P †(γ′′2 )P †(γ′′′2 ))γ4 |0〉
= δγ2γ′′2 δγ′2γ′′′2 + (−1)γ2+γ
′
2
+γ4δγ2γ′′′2 δγ′2γ′′2
−
∑
p1p2n1n2
(A1 + A2)
〈0|(P †(γ2)P †(γ′2))†γ4(P †(α2)P †(β2))γ4 |0〉 =
∑
p1p2n1n2
B
〈0|(P †(α2)P †(β2))†γ4(P †(α′2)P †(β′2))γ4 |0〉 = δα2α′2δβ2β′2 ,
(46)
which correspond to the overlap between states of the
forms 〈νpi ⊗ νpi|νpi ⊗ νpi〉, 〈νpi ⊗ νpi|νν ⊗ pipi〉 and 〈νν ⊗
pipi|νν ⊗ pipi〉, respectively.
3.6. Systems with more than two np pairs
It is challenging to to describe the wave functions of sys-
tems with more than two np pairs in relation to the over-
completeness of the pair wave function. On top of that,
the np pairs can couple to many different configurations
due to their non-zero angular momentum. For the six-
particle case we use the MSM partition of two- times four-
particles, as it was done in Ref. [90] for systems with six
like particles. Thus the corresponding wave function will
be |γ6〉 = P+(γ6)|0〉, where
P+(γ6) =
∑
γ2,γ4
X(γ2γ4; γ6)P
+(γ2)P
+(γ4), (47)
and
|γ6〉 =
∑
γ2γ4
X(γ2γ4; γ6)〈γ2γ4|γ6〉
×
∑
α2β2
X(α2β2; γ4)〈α2β2|γ4〉
∑
p1n1
X(p1n1; γ2)〈p1n1|γ2〉
× 1
2
∑
p2p3
Y (p2p3;α2)〈p2p3|α2〉
× 1
2
∑
n2n3
Y (n2n3;β2)〈n2n3|β2〉 p†1n†1p†2p†3n†2n†3|0〉. (48)
As before, we will evaluate the projection of the basis vec-
tors upon the physical vectors, i.e., F (γ2γ4; γ6). In this
six-particle case one can also view the MSM basis ele-
ments as the direct tensorial product of three pairs which
takes the forms νpi ⊗ νpi ⊗ νpi and νpi ⊗ νν ⊗ pipi.
For the partition of one np pair times the 4-particle
system, the dynamic matrix is given as
(
W (γ6)−W (γ2)−W (γ4)
)〈γ6|(γ†2γ†4)γ6 |0〉 =∑
γ′
2
γ′
4
{ ∑
p1n1n2n3
∑
α2β2β′2θ4(
W (γ′2) +W (β
′
2)− εp1 − εn1 − εn2 − εn3
)
A1
+
∑
p1p2p3n1
∑
α2β2α′2φ4
(
W (γ2)+W (α
′
2)−εp1−εp2−εp3−εn1
)
A2
}
× 〈γ6|(γ′2†γ′4†)γ6 |0〉.
The overlap matrix of 2× 4 block is given as
〈0|(γ†2γ†4)†γ6(γ′2
†
γ′4
†
)γ6 |0〉
= δγ2γ′2δγ4γ′4 +
∑
p1n1n2n3
∑
α2β2β′2θ4
A1 +
∑
p1p2p3n1
∑
α2β2α′2φ4
A2
+
∑
p1p2p3n1n2n3
∑
α2β2α′2β
′
2
ψ2
B. (49)
Definations for A1, A2 and B can be found in Ref. [64].
The transformation from the 2× 4 block to the 2× 2× 2
block is given as
〈γ6|(γ†2α†2β†2)γ6 |0〉 =
∑
γ4
〈γ6|(γ†2γ†4)γ6 |0〉〈γ4|(α†2β†2)γ4 |0〉,
〈γ6|(γ†2γ′2†γ′′2 †)γ6 |0〉 =
∑
γ4
〈γ6|(γ†2γ†4)γ6 |0〉〈γ4|(γ′2†γ′′2 †)γ4 |0〉.
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We will describe the eight-particle states
as |γ8〉 = P+(γ8)|0〉, where P+(γ8) =∑
γ4≤γ′4
X(γ4γ
′
4; γ8)P
+(γ4)P
+(γ′4). Proceeding as above
we will also evaluate the cosine of the angle between |γ8〉
and all the possible four-pair states that can be formed.
|γ8〉 =
∑
γ4γ′4
X(γ4γ
′
4; γ8)〈γ4γ′4|γ8〉
∑
α2β2
X(α2β2; γ4)〈α2β2|γ4〉
∑
α′
2
β′
2
X(α′2β
′
2; γ
′
4)〈α′2β′2|γ′4〉
×1
2
∑
p1p2
Y (p1p2;α2)〈p1p2|α2〉×1
2
∑
n1n2
Y (n1n2;β2)〈n1n2|β2〉
× 1
2
∑
p3p4
Y (p3p4;α
′
2)〈p3p4|α′2〉
× 1
2
∑
n3n4
Y (n3n4;β
′
2)〈n3n4|β′2〉p†1p†2n†1n†2p†3p†4n†3n†4|0〉.
(50)
The dynamic matrix for the 4× 4 block is defined as
(
W (γ8)−W (γ4)−W (γ′4)
)〈γ8|(γ4γ′4)γ8 |0〉
=
∑
γ′′
4
6γ′′′
4
1
1 + δγ′′
4
γ′′′
4
∑
α2β2α′2β
′
2{(
W (γ′′4 ) +W (γ
′′′
4 )−W (α2)−W (β2)−W (α′2)−W (β′2)
)
×(A1 + A2)
+
∑
α′′
2
α′′′
2
∑
p1p2p3p4
(
W (α′′2 ) +W (α
′′′
2 )− εp1 − εp2 − εp3 − εp4
)
×(B1 + B2)
+
∑
β′′
2
β′′′
2
∑
n1n2n3n4
(
W (β′′2 ) +W (β
′′′
2 )− εn1 − εn2 − εn3 − εn4
)
×(C1 + C2)
}
〈γ8|(γ′′4 γ′′′4 )γ8 |0〉
(51)
The overlap matrix of 4× 4 block is given by
〈0|(γ†4γ′4†)†α8(γ′′4
†
γ′′′
†
4)α8 |0〉 = δγ4γ′′4 δγ′4γ′′4
+(−1)γ4+γ′4+α8δγ4γ′′′4 δγ′4γ′′4 +
∑
α2β2α′2β
′
2
(A1 + A2)
+
∑
α2β2α′2β
′
2
∑
α′′
2
α′′
2
∑
p1p2p3p4
(B1 + B2)
+
∑
α2β2α′2β
′
2
∑
β′′
2
β′′′
2
∑
n1n2n3n4
(C1 + C2)
+
∑
α2β2α′2β
′
2
∑
α′′
2
β′′
2
α′′′
2
β′′′
2
∑
p1p2p3p4
∑
n1n2n3n4
D,
Definitions for A, B and C have been given in Ref.
[64].The transformation from the 4 × 4 block to the
Table 1: Configurations with the largest probabilities for
the state 92Pd(0+1 ) corresponding to the tensorial products
of different two-particle states (upper) and four-particle
states (lower). From Ref. [67].
Configuration x2
|γ2 = 9+γ′2 = 9+γ′′2 = 9+γ′′′2 = 9+〉 0.85
|γ2 = 9+γ′2 = 9+α2 = 0+β2 = 0+〉 0.76
|γ2 = 8+γ′2 = 1+α2 = 0+β2 = 8+〉 0.56
|γ2 = 8+γ′2 = 1+α2 = 8+β2 = 0+〉 0.56
|γ2 = 1+γ′2 = 1+α2 = 0+β2 = 0+〉 0.52
|γ4 = 0+1 γ′4 = 0+1 〉 0.98
|γ4 = 8+1 γ′4 = 8+1 〉 0.94
|γ4 = 8+2 γ′4 = 8+2 〉 0.92
|γ4 = 16+1 γ′4 = 16+1 〉 0.81
2× 2× 2× 2 block is defined as,
〈γ8|(α2β2α′2β′2)γ8 |0〉 =
∑
γ4γ′4
〈γ8|(γ4γ′4)γ8 |0〉
× 〈γ4|(α2β2)γ4 |0〉〈γ′4|(α′2β′2)γ′4 |0〉,
〈γ8|(α2β2γ2γ′2)γ8 |0〉 =
∑
γ4γ′4
〈γ8|(γ4γ′4)γ8 |0〉
× 〈γ4|(α2β2)γ4 |0〉〈γ′4|(γ2γ′2)γ′4 |0〉,
〈γ8|(γ2γ′2γ′′2 γ′′′2 )γ8 |0〉 =
∑
γ4γ′4
〈γ8|(γ4γ′4)γ8 |0〉
× 〈γ4|(γ2γ′2)γ4 |0〉〈γ′4|(γ′′2 γ′′′2 )γ′4 |0〉. (52)
In Ref. [64] we applied the method to study the spin-
aligned np pair coupling scheme [62, 63]. We restricted
restrict our calculations to the single 0g9/2 shell with the
interaction matrix elements taken from Ref. [63]. The for-
malism described above can be naturally generalized to
systems with many shells. However, the computation can
be very heavy. A parallel algorithm is underdevelopment.
3.7. Spin-aligned coupling and quarter coupling
As mentioned, the four J = 9 np pairs in 92Pd can cou-
ple in various ways. In Ref. [63] it was found with the
help of two-particle fractional parentage that the dominat-
ing components can be well represented by a single con-
figuration ((((νpi)9 ⊗ (νpi)9)I′=16 ⊗ (νpi)9)I′′=9 ⊗ (νpi)9)I .
Now we are able to re-project the wave function on the
different coupling of np pairs. For the system with four
np pairs we can write the wave functions as the coupling
of four independent pairs, three np pair coupled to one
pair as above, as well as the coupling of two four-particle
states. As mentioned in Ref. [64], the MSM basis is highly
over-complete. we calculated in Table 1 the quantities x,
i.e., the cosines of the angles between the vectors |γ8〉 and
all the possible vectors that can be formed by the cou-
pling of four pairs for the ground state of 92Pd. Since
many combinations are similar to each other there is not
a value of x which is significantly larger than the oth-
ers. But the most important MSM configuration is the
one corresponding to the four 9+ aligned pairs. The sec-
ond one is a combination of two aligned 9+ states and the
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normal pairing states. For the normal pairing state it is
x2(α2 = 0
+, β2 = 0
+α′2 = 0
+β′2 = 0
+; γ8 = 0
+
1 ) = 0.46.
In the analysis in the lower panel of Table 1 for eight-
particle systems like 92Pd, we choose as basis the parti-
tion |γ4γ′4; γ8〉. But one finds, again, that for the ground
state of 92Pd the most important MSM configuration is
the one corresponding to |γ4 = 0+1 γ′4 = 0+1 〉, that is, the
coupling of two states each being composed of two 9+
aligned pairs. This correspond to some kind of four-body
quartet coupling. Bearing this in mind, it may be inter-
esting to compare present calculations with the stretch
scheme proposed in Ref. [65]. In that scheme the dy-
namics of a 2N system is determined by the coupling of
two (νpi)N/2 maximally aligned (stretch) vectors. For the
4n− 4p system of 92Pd, the corresponding wave function
for a state with total angular momentum I can be written
as ((νpi)2I1=16 ⊗ (νpi)2I1=16)I where (νpi)2I1=16 denotes the
stretch vector. It corresponds to the unique configuration
of ((νpi)9 ⊗ (νpi)9)I1=16 in the np pair coupling scheme.
The configuration that has the second largest projection
corresponds to |γ4 = 8+1 γ′4 = 8+1 〉. This is an interest-
ing phenomenon that deserves further investigation. As
seen in Fig. 8, the |γ4 = 8+1 〉 state in 96Cd actually is
of seniority-like type that is composed of two J = 0 and
8 pairs. Other |γ4γ′4; γ8〉 configurations not shown in the
table have more smaller overlap with the total wave func-
tion.
3.8. Mixing between different orbitals
In order to explore the importance of configuration mixing
from other shells in determining the structure of N = Z
nuclei of concern here, we have performed shell model cal-
culations in a variety of model spaces with Hamiltonians
from Ref. [91] and references quoted therein. We thus no-
ticed that these calculations provide practically the same
results for most properties of the low-lying yrast states
in nuclei just below 100Sn, including the spectra and E2
decay properties. The quadrupole moment can be more
sensitive to the mixing to other shells, for which the simple
0g9/2 shell calculation may not be enough.
It is beyond the scope to cover that area but it may
be interesting to mention that it is still a challenging and
tricky issue on how to understand the effective shell-model
wave functions and the mixing between different compo-
nents, which in principle are model dependent quantities
and have a non-observable nature [92]. There are quite ex-
tensive studies on this issue now from different perspective
including the non-observability of spectroscopic factors.
3.9. The 0f7/2-shell nuclei
One interesting question is that why the spin-aligned np
pair coupling is not observed in lighter N = Z nuclei, in
particular those in the 0f7/2 orbital between N = Z = 20
and 28. Actually, as can be seen from Fig. 9, calcu-
lations in the single-0f7/2 shell indeed predict a rather
equally-spaced pattern for the yrast band upto around
I = 12. A closer look at the wave function show that,
in that case, the wave function is indeed dominated by
the spin-aligned 7+ np pair coupling. On the other hand,
it is only when the 1p3/2 is included that one can repro-
duce the observed rotational like spectrum. It indicates
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Fig. 9: Calculations on the energies of the yrast states in 48Cr
in the full fp and 0f7/2 shell model spaces in comparison with
experimental data.
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Fig. 10: Comparion between experimental B(E2) values of 48Cr
along the yrast line and calculations with different interactions.
that an essential physics is missing in the single-j shell
calculation, which, as we understand now, correspond to
the quadrupole-quadrupole correlation between the shells
f7/2 and p3/2. That coupling induce quadrupole deforma-
tion for which the Nilsson scheme is favored. The B(E2)
values for the transitions around the yrast line in 48Cr is
plotted in Fig. 10 and compared with those given by shell-
model calculations. The possible onset of T = 0 pairing
and deformations in high spin states of the N = Z nucleus
48Cr is studied in Ref.[93].
A simple but illustrating way to show the importance of
different pairs is to calculate their dynamic effects on the
spectrum. In Fig. 11 we did two calculations by removing
the J = 1 and J = 7 interaction matrix elements of the
f7/2 orbital separately. It can be seen clearly that the
aligned J = 7 np pair has a significant influence on the
spectrum. A vibrational-like spectrum is indeed expected
if one enhance that matrix element. On the other hand,
the anti-aligned J = 1 pair plays a much less significant
role, which indicate that the L = 0 pairs only take into
account a minor fraction of the total np pairing.
As a comparison, in Fig. 12 we present the resulting
energy levels in 92Pd by scaling the strength of the J = 9
pair interaction matrix element as V9(δ) = V9(1+ δ). The
figure clearly reveals that an increasing V9(δ) results in
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Fig. 11: Illustration of the role played by J = 1 and J = 7
interaction matrix elements of the f7/2 shell on the spectrum of
48Cr. The green, blue and red lines correspond to calculations
with the full shell-model effective interaction and those with
the J = 1 np matrix element removed and with the J = 7
np matrix element removed, respectively. A equally-spaced
spectrum is expected (red arrow) if the J = 7 np matrix is
made stronger.
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Fig. 12: (color online). Shell model spectrum of 92Pd as a
function of a controlling parameter δ added by taking as inter-
action matrix element the value V9(δ) = V9(1 + δ). From Ref.
[63].
a vibrational like spectrum. In contrast, as V9(δ) → 0 a
seniority-like situation is reached. This coincides with the
analysis of the np interaction above, showing that the pair
mode (g29/2)9 dominates the spectrum. Again, contribu-
tions from other coupled pairs to the spectral structure
are much less pronounced. Calculations in different model
spaces show a similar pattern.
4. The np pairing correlation within the deformed
shell-model framework
In this work, we concentrated on the np correlation within
the spherical shell-model framework. It should be men-
tioned that there has been a long history and extensive
studies with the Nilsson scheme plus np correlations of the
BCS type as well as exact pairing calculations. Unlike the
shell model, the simpler BCS and HFB approaches provide
a physically much more clear tool to study pairing corre-
lation in atomic nuclei, even though the generalization of
BCS and HFB techniques to incorporate the interplay of
T = 0 and T = 1 pairs on equal footing is by itself non-
trivial. It is beyond the scope of the present work to give a
full picture of studies in that direction. A detailed review
can be found in Ref. [9]. Here we mentioned a few studies
around the same region as we studied above.
N ∼ Z nuclei around 80Zr are expected to exhibit rich
nuclear shape effects in relation to the QQ correlation be-
tween g9/2 and d5/2 orbitals and the intrusion of h11/2. A
possible transition from isovector to isoscalar pairing con-
densate at high angular momenta may be expected. The
T = 0 np pairing may also play an important role in the
prediction of the super-deformed bands in nuclei around
60Zr and 88Ru. There is ongoing effort trying to extend
the spectroscopy of medium-spin states in 88Ru and neigh-
boring nuclei in relation to the existence of super-deformed
minimum in nuclei in this region, which may provide fur-
ther evidence for the elusive isoscalar np pairing mode [94].
The idea behind is that, in high-spin rotational states of
N = Z nuclei, the T = 0 pairing correlations can still
be active. Isovector pairing is expected to be suppressed
by the Coriolis anti-pairing effect. In In Ref. [95] super-
deformed rotational bands observed in the nucleus 88Mo.
The low-spin states in this nucleus was studied recently in
Ref. [96].
Cranked Strutinsky-Woods-Saxon calculations based on
a doubly stretched QQ np force were done in Ref. [97]
to study the band crossings in intruder configurations of
odd-A nuclei. Cranked shell model calculations with a
zero-range residual np interaction were done in Ref. [98]
to study the rotational alignment in N ∼ Z nuclei. It
was shown that the alignment of high-j nucleons with the
rotational axis is sensitive to the np interaction. The align-
ment of one kind of particles can be delayed if the other
kind of particles is present in the same j shell.
Hartree-Fock-Bogoliubov calculations for the N = Z
nucleus 80Zr was carried out in Ref. [99], which give a
ground state band with T = 1 Cooper pairs and an excited
band with T = 0 Cooper pairs. It was found that, for
the T = 0 pair band, the dominant angular momentum
for the pairs is J = 5 instead of the aligned J = 9. A
systematic calculation for nuclei in this region was also
done in Ref. [100]. It indicates that there could be a
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transition in N = Z nuclei from T = 1 np-pairing to a
predominantly T = 0 pairing mode above A = 90, with
the intermediate mass 80-90 region showing a co-existence
of T=0 and T=1 pairing modes. A further enhancement
in heavier N = Z nuclei may be expected [101].
In Ref.[102] the np correlations in in Te and Xe isotopes
above the Z = 50 shell closure are investigated . It is no-
ticed that the behavior of the 2+ and 4+ states in Te and
Xe isotopes, which remain at a rather constant energy as
one approaches the shell closure at N = 50 [103], cannot
be reproduced by standard quasi-particle random phase
approximation calculations. To reproduce the experimen-
tal data within this model, one has to include a variable
np interaction.
A cranked mean-field model with both T = 1 and T = 0
pairing interactions is proposed in Ref. [104], which in-
cludes the simultaneous presence of both pairing modes.
It was suggested that the additional binding energy due
to the T = 0 np pairing can be a possible microscopic
explanation of the Wigner energy term. The co-existence
of T = 1 and T = 0 is also studied in Ref. [105]. The
effect of deformation on the co-existence is also studied
recently in Ref. [106]. The influence of the np pairing and
deformation on the neutrinoless double-β decay in 76Ge
is calculated in Ref. [107]. The Band crossings in in-
truder configurations of odd-A nuclei is studied in Ref.[97].
The response of pairing correlations to rotation in the so-
called isospace is investigated in Ref. [108] It is seen that
the isovector pairing rather modestly modifies the single-
particle moment of inertia in the isospace. In Ref. [109]
the different behavior in the rotational structure of Kr-73
and Rb-75 is suggested to be a fingerprint for the T = 0
pairing. The negative-parity band of the former nucleus
can only be reproduced by considering the T = 0 pairing.
As discussed in Ref. [100], the T = 1 pairing scatters
pairs in opposite signature orbits. They are of the type <
αα¯ > where the bar indicates that the second nucleon in a
pair occupies a space-spin orbital that is the time reverse of
the first. In the meanwhile, the T = 0 pair can be of both
types < αα¯ > and < αα >. They can scatter between
orbitals of both opposite and same signatures. The second
type corresponds to the aligned np pair. However, as can
be seen from Fig. 13, the T = 0 < αα > pairing exhibits a
rotational like behavior as a function of frequency. This is
in contrast with the shell-model calculations as discussed
above. Further investigation in this direction is necessary.
A simple SO(5) seniority-like model was applied in
Ref. [110] to study the interplay between like-particle
and neutron-proton isovector pairing near N = Z. An al-
gebraic description of the isovector and isoscalr pairing
through the reductions of compact symplectic Sp(4) sym-
metry was proposed in Ref. [111]. The description works
for both spherical and deformed systems. The SO(8) alge-
braic model has also been extensively applied in the study
of the np pairing, in particular that in the L = 0 channel
[112, 113, 114].
5. α decay of N ∼ Z nuclei
it might be interesting to pose a question whether the for-
mation probabilities of the neutron-deficient isotopes with
Fig. 13: (color online). Response of the T = 1 and T = 0
pairing to the rotation.
N ∼ Z are larger compared to their neutron rich coun-
terparts. If it is indeed correct, that would mean that the
cluster formation increases when protons and neutrons oc-
cupy the same shells [115, 116]. Refs. [115] compared the
α-decay reduced widths for Xe and Te nuclei with that of
212Po and neighboring Po isotopes and an enhancement by
a factor of 2-3 is seen. We also noticed that the |RF (R)|2
value of 194Rn is larger by a similar factor compared to the
|RF (R)|2 of the textbook α-decay isotope 212Po [117, 118].
This faster α decay would change the borderline of acces-
sible neutron deficient α-decaying nuclei and might be a
important question and motivation for further experimen-
tal work.
We go through very briefly the microscopic R-matrix
description of the α decay. Details may be found in recent
publications in Ref. [119, 120, 121, 122] and Refs. [123,
124, 125, 126]. The α-decay half-life can be written as
T1/2 =
ln 2
ν
∣∣∣∣H+l (χ, ρ)RFα(R)
∣∣∣∣
2
, (53)
where ν is the velocity of the emitted α particle with angu-
lar momentum l. R is a distance chosen around the nuclear
surface where the internal wave function is matched with
the outgoing cluster wave function. H+ is the Coulomb-
Hankel function with ρ = µνR/~ and χ = 4Ze2/~ν. µ
is the reduced mass and Z is the charge number of the
daughter nucleus. The quantity Fα(R) is the formation
amplitude of the α cluster at distance R. The reduced
width introduced in Ref. [127] is also a similar but effective
quantity that depends on the effective optical potential.
The formation amplitude F (R) can be extracted from
the experimental half-lives by
log |RF (R)| = 1
2
log
[
ln 2
ν
|H+0 (χ, ρ)|2
]
− 1
2
logTExpt.1/2 .
(54)
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This is done in Refs. [117, 118] where a generic pattern for
the systematics of the formation amplitude F (R) was also
proposed. It was found that, when going from one isotope
to another, the α-particle formation probability usually
varies much less than the penetrability. In other words,
it is a consequence of the smooth variation in the nuclear
structure that is often found when going from a nucleus
to its neighbors. This is also the reason why, for example,
the BCS approximation works so well in many regions of
nuclei. In particular, within the BCS approach, it may be
interesting to mention that the corresponding pairing gap
is given by ∆ = G
∑
i uivi, whereG is the pairing strength,
and ui, vi are the standard occupation numbers. This
implies that the pairing gaps can serve as a signature of
the change in two-particle correlation/clusterization, since
they are also proportional to
∑
k ukvk. This feature is also
responsible for the clustering of the four nucleons that
eventually constitute the α-particle at the nuclear surface
of heavy nuclei.
Fig. 14: (Color online) log10 |RF (R)|
2 as a function of ρ′ (see,
Ref. [123] for the definition) for nuclei around 100Sn in compar-
ison with those of heavier isotopes. The solid line denotes the
smooth behavior of the averged formation probability. The val-
ues between the two dashed lines differ from the corresponding
averge values by a factor of three.
Fig. 15: (Color online) Schematic plot for the the influence of
np correlation on the alpha formation amplitute in 104Te. θ is
the angle is between the nn and pp pairs for which the two-
particle clustering are induced mainly by the T = 1 pairng.
In Fig. 14 we compared the α formation probabilities in
nuclei just above 100Sn with those from the heavier nuclei.
The formation certain low-lying show an increasing tread
as the mass number decreases. This is in relation to the
fact that the size of the nucleus also gets smaller, which
favors the formation of α particles on the surface. In the
meanwhile, the α formation probabilities in those lighter
nuclei as shown in the figure follows the general trend but
with a rather large fluctuations.
The α formation amplitude may increase as a result of
enhanced T = 1 nn and pp pairing and np correlation. In
Fig. 15 we illustrated the role played by the np correla-
tion on the α formation amplitude. In reality, to evaluate
the four-body correlation and its overlap with the alpha
particle, one also decompose the four-particle wave func-
tion as the coupling of the proton pair and neutron pair.
The two-body clustering of the proton and neutron pair
is mainly induced by the nn and pp correlation. There is
no correlation between the last neutron and proton pairs
in our calculations for heavy nuclei [126] in relation to the
neglect of np correlation. This is reasonable since the low-
lying neutron and proton single-particle states are very
different from each other in those cases and the np corre-
lation is weak. In Fig. 15 we first evaluated the nn and pp
two-body clustering in 102Sn and 102Te and then evaluated
the correlation angle between the two pair by switching on
and off the np correlation. θ shows a uniform distribution
if no np correlation is considered. If the np correlation is
switched on, in particular if a large number of levels is in-
cluded, there is significant enhancement of the four-body
clustering at zero angle. This is eventually proportional
to the α formation. It should be mentioned that, one need
large number of orbitals already in heavy nuclei in order
to reproduce properly the α clustering at the surface. The
inclusion of np correlation will make the problem even
more challenging due to the huge dimension. Work in this
direction is under way.
6. Summary and discussions
In this contribution we discussed some studies on the elu-
sive isoscalar and isovector np pairing modes. The basic
idea behind is that, for nuclei withN ≈ Z, the protons and
neutrons near the Fermi surface occupy identical orbitals.
The np pairs thus formed can couple to isospin T = 1
(isovector) or T = 0 (isoscalar). It is known that, for
a short range interaction, the favored angular momenta
are J = 0 for T = 1 pairs and J = 1 or J = Jmax for
T = 0 pairs. Isospin symmetry and the charge indepen-
dence of the nuclear force implies that for N = Z nuclei,
J = 0, T = 1 np pairing should exist on an equal footing
with J = 0, T = 1 nn and pp pairing, which, however, it
is an open question. Another interesting question relates
to the consequences of the strong attraction between the
proton and neutron with J = 1 and J = Jmax, T = 0. De-
spite vigorous activity over the last decade or so, the fun-
damental questions concerning the basic building blocks
and fingerprints of above np pairing modes are still a mat-
ter of considerable debate, even though it is rather com-
monly believed that the J = 1, T = 0 pairing will not
influence the low-lying spectroscopy in a major way. The
nuclear shell model is one of the most accurate approaches
in studying above effects and other properties of the low-
lying states in atomic nuclei and the study of np pair corre-
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lation can provide a strict test to the specific parts of the
effective interaction. It can also provide reliable predic-
tion on the possible evidence of np interaction in certain
low-lying as well as isomeric states. The challenging task
is how to understand the pair content of the shell model
wave function.
The spin-aligned np pair coupled scheme was introduced
recently in relation to the observation of a vibrational-like
spectrum in N = Z nuclei 92Pd. A similar scheme is also
expected in the heavier 96Cd. Both nuclei are expected to
be spherical or weakly deformed and its main properties
can be well described by the coupling of valence particles
within the g9/2 shell. On the other hand, nuclear rota-
tion in the presence of aligned T = 0 pairing correlations
resembles classical rigid body like rotation.
There are extensive efforts from both experimental and
theoretical sides in studying the structure of N ∼ Z nuclei
around 100Sn. It is hoped that those studies, in particular
the measurement of nuclear masses, spectroscopy, reaction
as well as α decay, will hold important clues to the np
coupling schemes and the nature of T = 0 pairing.
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